UNCLASSIFIED

AD NUMBER

ADO091516

NEW LIMITATION CHANGE

TO

Approved for public release, distribution
unlimited

FROM

Distribution authorized to U.S. Gov't.
agencies and their contractors;
Operational and administrative use; 12 Apr
1956. Other requests shall be referred to
the Naval Research laboratory, Washington,
DC.

AUTHORITY

NRL 1ltr, 29 Apr 2002

THIS PAGE IS UNCLASSIFIED




]

Reproduced by

DOCUMENT SERVICE CENTER
KNOTT BUILDING, DAYTON, 2, OHIO

This docunient is the property of the United States Government. It is furnished for the du-
ratior of the ccntract and shall be returned when no longer required, or upon recall by ASTIA
to the foliowing address: Armed Services Technical Information Agency.
Document flervice Center, Knott Building, Dayton 2, Ohio.

NOTICE: WHEN GOVERNMENT OR OTHER DRAWINGS, SPECIFICATIONS OR OTHER DATA
APF. USED FOF. ANY PURPOSE OTHER THAN IN CONNECTION WITH A DEFINITELY RELAT
GOVERNMENT PROCUREMENT OPERATION, THE U. S. GOVERNMENT THEREBY INCURS
MO RESPONSIEILITY, NOR ANY OBLIGATION WHATSOEVER; AND THE FACT THAT THE
GOVERNMENT MAY HAVE FORMULATEDR, FURNISHED, OR IN ANY WAY SUPPLIED THE
SAID DRAWINGi, SPECIFICATIONS, OR OTHER DATA IS NOT TO BE REGARDED BY
IMPLICATION OR OTHERWISE AS IN ANY MANNER LICENSING THE HOLDER OR ANY OTHE
PERSON OR CORPORATION, OR CONVEYING ANY RIGHTS OR PERMISSION TO MANUFACT!
i USE OR SELL ANY PATENTED INVENTION THAT MAY IN ANY WAY BE RELATED THERET




c \@' - LBeit\Avmhb'e Copy
.“k \b 7 777%»\7-\\’ :
- f - NRL Report 4732

i L{ j il

G;%ELEVATION AZIMUTH SERVO SYSTEM SPECIFICATIONS
- FOR STAR TRACKING

47 ﬁ::i ({F £
o Charles F. White and James W. Titus
e

f— Equipment Research Branch
Radar Division

April 12, 1956

NAVAL RESEARCH LABORATORY
Washington. D.C.




1

CONTENTS

~ Abstract

Problem Status

Authorization

INTRODUCTION

(TTEQTIAL AND TRRRESTRTAT, OORBTNATFQ
AZIMUTH ANGULAR POSITION

AZIMUTH ANGULAR VEIOCITY

AZIMUTH ANGUIAR ACCELERATTION
Emmnmv ANGULAR POSTRTON
ELEVATTON ANGUIAR VEIOCITY AND ACCELERNTION
FREQUENCY DOMAIN EQUIVAIENT OF AZIMUTH TIME FUNCT ION
AZIMUTH SERVO SYSTEM TRANSFER FUNCTION

AUTOMATIC TRACKING REQUIREMENTS STARTING FROM REST
PROPOSED SERVO SYSTEM

CONCLUSIONS

REFERENCES

ATPENDIX A - TIME BOMADN TGO FREQUENCY DOMAIN
TRANSIORMAT TON

il

it

ii




ABSTRACT

Radio sstronomy star tracking requirements are
resolved into elevation and azimuth coordinates snd
related to servo system transfer function specifica-
tions., Time functions for angular position, velocity,
and acceleration are derived and maximum values found.

A mmerlcal example based upon the latitude of Washing-
ton, D, C.;, and a star declinatlion such that at transit
the angular distance from the zenith is 10 degrees or
greater, 1s used in the calculation of the azimuth servo
bandwidth needed ‘to insure dynamic errors appropriaste for
automatic tracking with a 60-foot parabolic reflector
(trecking error less than 1/4 degree). A bandwidth of a
0.1 radian per second 1s shown to be adequate. A block
disgram is glven for a servo system sultable for the
azimuth courdinate.

PROBLEM STATUS

This seport completes one phase of the problem;
work on.other phases continues. ‘

AUTHORIZAT ION

NRL Problem RO5-19

Menuscript submitted April 3, 1956
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ELEVATION~AZIMUTH SERVO SYSTEM SPECTFICATIONS
FOR STAR TRACKING

INTRODUCT ICN

The advent of radic astronomy has seen employed a wide variety of
ar tennas and means for beam steering. Among these is the parabollic re-
flector mounted on & pedestal with elevation and azimuth coordinates
of motion. Servo system requirements for such "EL-AZ" mounts become
automatically defined upon specification of the tracking problem. In
the study reported here, the tracking problem, & time-domain phenonemon,
ig transformed into the equivalent frequency domain functlon so that the
servo systems may be designed using the frequency response method. In
choosing the open-loop transfer functions for the servo systems several
Tactors are considered, nsmely: (1) close fitting of the excitation
function to achieve the maximum exclusion of nolse simltaneous with
adequate bandwdith for transmission of frequency components in the input
signal, (2) sultable galn and phase warging Lo insure closed-loop secvo
system stabllity, and (3) the proper gain to insure that the maximum
dynanic tracking errors almost equal but 4o not exceed the specified
limits.

The derivation of time functions for elevaticn and azimuth angular
position, velocity, and accelerailon for star tracking is presented in
the initial part of the body of the veport. Guillemin's (1) method of
approximating the trcquency domain transform of a time function 1s tuen
applied to the above-horizon portion of the szimuth time function. A
transfer characteristic is then chosen Followlnug Greham's (2) procedure,
in which the steady-state error series (3) plays a central role. The
block diagram for a possible mechanization is given. The trajectory
equations for the elevation axis are provided so that a similar study
for the clevation coordinate servo muy be madie following the same pro-~
cedure.

CELESTTAL AND TERRESTRIAL COORDINATES

Star tracklng angular pogition, veloelty, and acceleration quan-
tities resolved into elevation and azimuth coordinates are desired as
a function of time. The location of maximmm values of veloeity and
acceleration in both axes 1s also ueeded. In the derivations and in
Fig., 1 a modification of the notation uscd by Hosmer (4) is cmployed.




strial coordinates

1 - Celestial and terre

Fig.



Iet

3

it

i

interior angle of astronomical triangle at zenith, degrees
hour engle (=wt)
apparent angular velocity of the stars about earth's axis,

in redians per second = 27T = 7.272+1077

2k - 3600

in

degrees per minute = 1/k4
time,rseconds or degiees of rotation
azimuth, degrees (8 = -z)

altitude (elevation angle), degrees
declination, degreeé

latltude, degrees

AZTMUTH ANGULAR POSITION

To find the azimuthal quoantities, start with Eq. (31), page 36
of reference k4,

Sinz =

sin T cos b (1)
cos

Substitute from Bq. (11), page 3?2 of reference 4,

and obtain

sin § cos ¢ - cos 8 sin & cosT

cosh = (2)
COos 2

sinz _ sin T cos § .

\3J

cos z Sind cos d-cosd sind cosT




snT

L
cos & tanl -sSin d cos T )

‘QGV\ =

Numerical evaluation of Bg. (4) gives an angle z which is 180° from the
correct angle. Thls oceurred through the use of the slne formula with
its inherent ambigulty. Making this correction and the changes of
variable T = wt and z = -6, we have

-S4 +t
tan 8 = 20 0 (5)
" A - B cos wt
where
A= cos b tan &
B=smc§

AZIMUTH ANGUIAR VELOCITY

Azimuth angle 6 as given by Bq. {5) mey be differentisted to obtaln
the corresponding anguler velocity. Thus,

sec?e 48 _(A-Beoswt)-weoswi) +Buw sivcwt (6)
dt (A-B cos wt)® -

~A w cos vt +Bw
(A-B cos wt)?

d® _ cos e%au""a )
dt”  siniet [B Ac@swt]

sm"e

= _T_F.[sin¢-—cos¢%an8cosmt] (8)

i
CamY
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S
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Azimuthal angular velocity is glven by Eq. (8) except at points where
sin wt = 0. For thesc polnts, return to Eq. (7) and write




8 = 2 (9)
dt lizo sin & ~Cos ¢ tand

Figure 2 shows the azimuth angular velocity as calculated for t = 0
using Eq. (9) and a latitude ¢ = 39° (epproximately the latitude of
Washington, D. C.). The extreme values shown, § = ¢ I 109 = 399+ 10° =

49° and 29 , are hereafter referred to as Case 1 and Case 2 respectively.

Since Cuse 2 exhibits & higher sbsolute vslue of azimuth velocity for a
given approach to the zenith, dctailed calculations are made for Case 2.
Returning to Eq. (5), the constants becaome

gase 2

399
290

> oy ©
i

1i

cos 39° tan 299 = 0.77715+0.55431 = 0.43078
B = sin 39° = 0.62932
Figure 3 showvs Eq. (5) ealculated for Case 2 over a 24-hcur period.
The indicated points corresponding to the star rising and setting are
from calculations shovm later in the report. Using Eq. (9), the maxi-
mum azimzthal angular veloeity becomes

Cage 2

do _ T.272 "16°

dt |t=g 0.62932 ~0.43078
5

- 7-272"6.
" 0.19854

= 0.3662 vadian per second

Thus, for Case 2, at t = 0 the azimuth angle is 6 = 180° and the angular
veloeity is O = 0.3663 radiun per second = L.259 degrees per minute.

For 8§ € ¢ (as in Case 2), the azimuth angle increases continuously from
star rise to set. For & > ¢ (as in Case 1), the azimuth angular rate
is initlally positive but reverses twice belfore the sbar sels,




NOTE: ¢ =39°

4 — CLOCKWISE COUNTER -
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Fig. 2 - Maximum azimuth angular velocity as afunction
of star declination for a latitude of 39° North
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Fig. 3 - Azimuth angle versus time for 6 = 29° and ¢ = 39°




Cf interest in servo system design 1s the relative period during
which the input angular velocity is less than the minimum velocity of
the servo motor, as installed in the mount. Good design may yield a
dynamic range, or ratio of maximum to minimum motor speed, as high as
100 to 1; thus the region of inputs where the rate is less then 1%
of the maxlmum may be called the "near-zero rate region." This region
is related to star tracking in the azimuth coordinate from a station
in the northern hemisphere as follows:

a, Stars with south declination and stars with north declina-
tion less than the latltude of the tracking station exhibit
coubinuous azimath rates from east through south to west,
with minimum values at star rise and star set,

b. BSiars with north declinations greater than the latitude
wlll exhibit two regions of near-zero rate.

c. A gsingle continuous region of near-zero azimuth rate occurs
for stars of declination gpproximately equal to 900 North.

d. The relative duration of the regions of near-zero rate
increases with declination from zero, for stars with de-
clination equal to latitude, to 100% fo- stars with de-
clinations appraximately equal to 90° Nor sh.

AZTMUTH ANGULAR ACCELERATION

To find angular acceleration in the azimuth coordinate, differen-
tiate Eq. (8) with respect to time and obtain, after simplification,

d‘e w sin 28

= _T—mn — sin ¢ -tan § cosd cos et} == d:l:

8\“
+w

Etanﬁcos $(1+cos*wt) -2 sin pcos w'l:] (10)

Bquation (10) set equal to zero may be solved for the time corres-
ponding to the maximua value Tor anguler veloceliy in azimuth. The values
=0, 6= 0° or 180° are found to be malhemstically and iotuitively cor-
rect. Accordingly, the azimuthal anovlar velocibies previously calculated
for t+ = o are the maximm rates (as indicated on Fig. 2) for stars passing
tangent to a 109 radius circle about the zenith.
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Maximum azimuthal acceleration is found in the vicinity of at =
7.5? either side of star transit. By finding the slope between values
of 6 calculated for at = 5% and wt = 10° , a value 6 = 4,28.10"
degrees per second per second was computed for the maximum accelera-
tion. The velocity at this time is 6 = 1,55-10"2 degrees per second.

ELEVATION ANGUIAR POSITION

Using Eq. (30) (reference 4, page 35), we write for the elevation
angle

sinh = cos($-8)-2cos §cos& sin"%_ﬁ (11)
= ¢ - D sint wt (12)
2
Case 1
¢ = 399

koo

Q. an
it

1l

L

cos (¢ -8 ) = cos (39° -L99)
= cos (-10°) = 0.98481
D=2cos ¢ cos § = 2 coé 39° cos WY°
= 270.77715 +0.65606 = 1.01971
¢ = 39°
§ = 290
C = cos 10° = 0.98481

D = 2:0.77715-0.87462 = 1.35942

A% 3

Emw




Star rise and star set occur
this occurs at

C=0D sin? %F-

sin? Wk - o5 (¢-8) Coscbcos$+sm¢smb
z Zcos¢eos5 2 cosé co=d
AT 1 +tan$ tan S V2
wt= 2 s\n [ 2@ %
Case 1
- ,=i[{ +tand9d tan49 %
4 Tia a.80078 11504 _ fa
=7 sin PE 505 = 096579

=7 sin'0.08273 = 2(£79%0) = £ 1584

Cene 2 o
— A ~F {4 ton 39 -tah 29°%%
wt =2 sm!{i .\

| +0.80976 -0.5543| _ , ., “3]&

=2 S -‘k >

=2 sin 0.8514 = 2(*58°20)= £ 116°40

The maximun elevabi
cases.

10

ot zero elevation. From Eq. (12),

(13)

(ab)

(15)

on angle was cwiginally chosen as 80° for both
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ELEVATION ANGULAR VELOCTIY AND ACCELERATION

Take the derivative of Eq. (12) to cbtain the elevation angular
veloeity as follows: .

Bl

cos h %:-Dwsin_z‘”ﬁcos-“i’-? (16)

dh . D w sin wt

- dt T2yl (C«Dsin’g_i)"- )

" D w sinwt
- E4_(zc-D+Dcoswt>z]”‘

A}

(18)

For purposes of numerical evaluation of h, 1:1, and h as a function
of" time, the alternative form may be used for elevation angular rate
as glven by

dk - - . D w sin !&rh (19)
a4t 2 cosh

, Figurce b shows elewu*ion angle and angilay cate as a tunction of
time for both Jase 1 and {uss 2.

Elevation angular acceleration is found by taking the derivative
of Eq. (19). Thus, ‘

izh, - ;; -_-,....,.P_"’.(weosh cos Wt +sin wt sinh 4 ) (20)
a2 2cos?h )

11
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Fig. 4 - h and h versus wt for Case 1 and Case 2
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The points of maximum and minimum veloclity are found by setting

acceleration equal to zero. Accordingly,

1
w cos h cos wt + sinwt sin h %f.‘!_. =0

-

w ecosh eos wt = D w sin'wt 5M h

2 Co= N

cos wt -.D sin h
sin? wt 2 cos*h

sin h - = cos¢ cos 8(cos wt - -

sm h cos

Trial of values in the helghborhood of at = 459 were made using

Eq. (24) as the measure, with the result for Case 2 that

R

wt * 47185 degrees

wmax h

and, substituting into Eq. (12), Eg. (19), and Eq. (20),

g“i . - + 50.23 degrees
max K

o A~

h . =R 4 0.1943 acprces per minute
max h

(14

h .. =0
max h

13

(21)

(22)

(2k)

(26)

(27)




The minimum value for angulsr velocity iu the elevation cocrdinate
is zero at transit (wt =~ 0, h = 80°).

A reglon of near-zero elevation rgte occurs near maximum elevation.
Maximum acceleratlon (positive rate of change of velocity) in the

elevation coordinate occurs at the horizon (h = 0) vhere wt = * 158%ko'
for Case 1 and whb = * 116°40F for Case 2. Using Bq. (20), we obtain

2 o
ah = - —w casq': cos d eos wt (28)
d-tz max max
aecel accel
Case 1
¢ = 39°
§ = b
bl ==1/16 cos 39° cos 49° cos 158°%40°
aeeel

= 0.77715-0.65506-0.93144

= 00,0297 degree per minute per minute

Case 2
¢ = 399
§ = 79"
a max ~1/16 cos 33° cos 290 cos 116940!
aceel

i

0.77715-0.87462-0. 44870
16

0.01906 degree per minute per minute

1k




FREQUENCY DOMATN EQUIVALENT OF AZIMUTH TIME FUNCITION

Figure 3 may be interpreted as a time-domain specification of the
problem of aszimuth tracking imposed by the motion of the hypothetical
star represented by Case 2. TFor the purposes of servo system design,
the frequency damain transformation of this time function 1s desired.
This transformation is obtained by Guillemin's impulse method (1,5),
in which the integrand of the laplace integral is converted to a set
of impulses in order that the integral may be evaluated without numeri-
cal methods. Steps in the application of the method are indicated on
Fig. 5. The position of the time function that lies between star rise
and star set is replotted in Fig. 5a, taking the new origin of coor-
dinates at the time and azimuth angle af star rise,

To obtain the set of impulses, the derivative of the time function
is first plotted, Fig. 5b, and approximated by a broken line (this
approximation is equivalent to fitting the time function with a series
of parsbolic segments). The broken line approximation is then differ-
cntiated twice, Fig. bc and 54, to obtain a set of impulses. The -
change in units from radlanb/secondp to radlanb/éecond3 asscriated with
the taking of the third derivative is oilset by the fact that the in-
dicated strengihs are related to areas with time as the abscissa. The
impulses shown in Fig. 5d are an approximation representing the infor-
matiogn within the interval betbween star rlse and shar set with the
assumption that & contlnuous function is involved. That is, 6, e, 6,
ete., have the same value immedlately prior to the star rise point
(t =0) ag immediately after. In like manner, the function is also
continuous at the end, i.e., at star set.

Apperndix A contains the details of the mathematilcsl processing
from the impulses of Fig. 54 to the continuous frequency domein equiva-
lent shown in Fig. 6.

AZIMJTH SERVO SYSTEM TRANSFER FUNCTION

In the Graham design procedure (2), use is made oL a steady-
state error serles having the general forn

- 8 %) 8 . &
- + «.—.L + - ) e
€ss = 7% Kp Ky Ka Ke ¥

where

Kp = position error constant

15
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inte the frequency domain
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K, = velocity error constant
K, = acceleration error constant
K; = rate of change of acceleration error constant

Anticipating need for information regarding the input motion and its
derivatives, expressions for ©; , 61 , and ©f were derived and appear
earlier in the report. Varilations in design predicated upon higher
derivatives than the second (acceleration) should be avoided (6).

Study of Fig. 6 leads to the choice of the servo system transfer
characteristic shown in Fig. 7. The low-frequency asymptotic slope
of -1 iz followed by a high-fr&quency asymptotic slope of -2 with
unity gain at the break frequency (7). For suca a system, the steady-
state error expression is -

Esg & —— (30)

The maximum required bandwidth, i.e., maximum velue for «y , is found
by using the maximum value of input velocity in Eq. (30). For an
assumed specificaetion of 1/4° maximum alloweble error, wl = 0.08h.
Thus,..a2 bandwldth of 0.1 radian per second is adequate for the train
axis. If the tracking accuracy requirements had been lower, less of a
"overcoat fit" of the excitation function shown in Fig. 6 would have
resulted.

AUTOMATIC TRACKING REQUIREMENTS STARTING FROM REST

Consider a radio strr itracking system in which the antenns feed
point is nutated t» prrmi” development of en erxor signal. For such
a system it would be possivle to demand of the servo system an ability
to start from initial conditions in which an error in o, 8, §, ete.,
exists.

The function shown in Fig. 6 is based upon zero initial errors.
To i1llustrate the effect of an error, consider the initial conditions
(where the minus and plus subscripts refer to the instant before and
the instant after the transient)

18
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Fig. 7 - Type I servo system open-loop
asymptotic characieristics
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e. =6, , as in Fig. Sa

D

°” L ~
_ s, 6_ , ete. =0
6, , 8, , ete., same as in Fig. Sa

The effect of initial conditions is to introduce an impulse at
t = O in Fig. 5¢ which becomes a doublet (8) in Fig. 5d. The strength
is established by the step at t = O in Pig. 5b, i.e., +0.473. The
approximation of the transform of the time function is

. v 0.473 16"
6*(3(0).-.- Rt. side Eq.(Al) + Q(—f’%lﬂ- = Rt. side Eq.CA"}- ¥z
473 . Gsin28F], . G cos 28F |
=~lo4'{[2§13‘3"" ""S%!Z‘“]"'j E_’?"—' 1} (31)
The magnitude of Eq. (31) is given by
w . o 40475 2:0473G sm2.8F &% 2
|e (Jw)i= 10 1 F‘f + ?g-f + =3 (32)
The zero irequency asymptotic function 1s
B 0.473-10_ 6878"_ [6.878 152
[ -, 4 — . = . S oo
,9(}03)F N e [ o (33)

as compared with the 2.8u-lou§ F funcsion glven in Bq. {All) where no
starting trancient servo requlrements sre involved. If such a servo
system is desired, the excitation function represented by Eq. (32) may
be studied in the same manner ags Bq. (A8). The lransfer characteristic
should be a Type II, that ig, one in which the initisl asymptotic slope
1s -2, foliowed by a mid-frequency asympvotlc slope of -1, and ending
with a high-freguency -2 slope (9).

IRCFOSED SERVO SYSTEM
Fipure & shows, 1n block dlagram form, a possible scrvo system

arrangement for the automatic star tracking problem in azimuth in which
elimination of errors fue to initial transients ic not requived -- the

20
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SPACE FEEDBACK

"Ho HIGH GAIN
AMPLIFIER MOTOR
Q'i l_.L - 90
RECEIVED ® /— ( ‘ ; ANTENNA
SIGNAL ERROR ANGULAR
ANGULAR DETECTOR _ DIRECTION
DIRECTION
CONSTANT :
VVEOL&%,GTEY EQUALIZER
INPUT— O\‘ 0 Y
e ! \_
REST
TACHOMETER
GENERATOR
= S
wy

<S+wL>(“w2 )
wi Stwgy

Fig. 8 - Block diagram for azimuth servo system
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problem and system of Figs. 5, 6, and ‘(. 'he error expression for
the system shown iz substantially identical tc Bq. (30).

The switch shown in Fig. 8 provides a means whereby the antenna
may be held in a fixed position until tracking is desired. The intro-
duction of a fixed voltage corresponding to a selectable constant an-
gular veloeity reduces the servo tracking problem to tracking the
difference instead of the total. The up of the equalizer should be
spproximately 10 @y or 1 radlan per second.

CONCLUSIONS

Star tracking with an elevation-azimuth coordinate system has
been studied. Time functions have been glven for position, veloeity,
and acceleration components in both axes. Detalls of the transforma-
tlon to the frequency domain equivalent and the design of a sultable
servo system for the azimuth axls are included. A bandwidth of 0.1
radian per second i shown to be adequate for the azimuth servo systen,
A proposed system is shown in block diagram form.

22
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APPENDIX A

TIME DOMAIN TO FREQUENCY DOMAIN TRANSFCRMATION

The approximation of the transform of 'b.‘ﬁe t1ime function shown in
Flg. b is

-OJQ °|G°‘°+
8" (juw) = 3[ 0.233 + 0.633 e
(jus) 4 4 4
.Jo)z 05:(0" -jw .50 -w 2.65+0
+1.85e" + 908 e ~ll.33 ¢ 4
-} 295" a0t SYAEAR 404 _jw8.85:10
~-il33 e +9,08 e +1.85 e
-jws-|o4 -50\356 104'
+0.6%93 e —-0,2%33 ¢ (A1)

Writing the exponentials in the form of in-phase and quadrature
components, we have

8
"J
‘s R
+ 1.85(cos 2.05-(@4@- ) St 205 ~iow)+9,08 (cos2.5 *lo w-~)sin250 u))
~ 11,33 (cos 265+16%-] st 2.65-lo4w)~ll.33((:os 29516 ~j Sm2.95+(0 %

. , . 4
+9,08(cos 3.i -ufi W -§ SN 3.(-:o4w)+ | 8505 5.5’540%-‘; Sim3.55:16 w)

' ' 4
+0433(c0s 516t w -] sin5:16'w)-0.233 o5 5.6 160 < s 5.6 w) 7

(42)

Introducing a reference angular trequency Wy = 107 4 radian per
second and letting F = w/w, , we have
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) 85 s 2.05 F +9.08 s1n 2. 5 F-ll. 33 s 2.65F -i(.33 s 295F
+908 sv 3,1F 4185sm 3.85F +8,423 sim 5 F ~0,233 5mng]

+j [*0;133 Cos 0P +0.633 cos 6.6F +185 coes 05 B

+9.68 cos 2.5F —~{[.33 cos 2.65F ~11.33 cos 295 F
+9.08c083.IF +1.85cos 3.55F +0.633¢oSs5F

—0,233 cos 5.6 F ]} (A3)
= - -‘-9-{[-0.?.53 (su'n O-F +sim 5.(.5-’)

40,633 (sin 0.6F + S 5 F) +(35(sin 205 F + s 3.55F)
+ 908 (s 2.5F + 5™ 34 F) - 11.33 (SN 2.65F +5im 2.95F)

+§ [wo.z% (ess O-F+¢oa§ 5.(,!-’)
+0.633 (o5 0.6F+cos5F) + 18505 2,65 F + cos3.55F
+9.07 (cos2.5F +Cos 31F) ~ .33 (cos ZLHEF + cos 2.95F) }
(ak)

%€ ) w) i
wvhere F

G = 0.46C cos 28 F —).266 cos 2.2F

- 37 cos0T5F - 18,16 cas 0.3 F
+ 22.66 cos 0.1 F

(Y
~

,..
N

S
- crecromse 1 O 4N [ [ s

Tl

-4
(S;“‘ 28F + 3 2.8 F '!r } (A5
3 ) |

(a6)




w. 107G .
6 (ju)= -5 (sin 2.8F +j cos2.8F) (A7)

The magnitude becomes

®, 4
6w = li_‘%.;i\ (30)

Before numericsl evaluation is made of Eq. (A7) as a function of
frequency, consider its nature as frequency approaches zero, The expansion

¥ |
Cos x = | "-2—'—'%" (49)

ray baousedt in evaluating G for F=5 0. Thus,

-—gmﬂﬂo
I?Wﬂl@ir. fml+0466(l"2
F-=>0 F>0

~1.266 (1~ ‘"ZF) 3.7(1- ""5’:)
(. GBE - GIBF
"'85.”'(5 Q“::.:” H22.66(1- 22 )\
= £ (0466 23" 1206 - 27°
~37 BT - 18,16 -58% 2266 015")  (a10)

Substitution of Ba. (Ai0) lnts B (f/) yiplds
10466°2.% *el,266 0 2.2 —-3.1 .0.754%.16°03 22,66 as*
4 F

F-»o

= 3.14--104 - 284
F w




Equation (All) shows that the excitation function frequencv domain
equivalent, when plotted on log-log scales, has a minus one slopa as
the frequency approaches zero. This minus one slope ex ended has 8
value of wnlty at a frequency F = w = o = 2.84. 10* or o = 2.8k,

Lo 107

The series expansion of the cosine functions faills to facilitate
gimilar determination of the high-frequency asymptote. Instead, the
cyelic nature of Eq. (A7) must be considered and a determination of
the peak value made, The asymptotes are tangent near the peak values.
The function itself makes cyclic excuvslon to zero or minus infinity
on the log plet. Hence, the asymptotes must be regarded as defining
the upper limit of the function.

eating BEq. (A6), o -
,-G i‘_ 0.466 cos 2.8F + 1,266 coszzF +3.7cosa.751=

£12.16 €05 0.3 F =22.46 o5 oS F] (me)

may be rewritten as

- = - E E. B
G = - 0466 CoS( 1?):m' +1.266 C°S(T,,)"1r +3.7cos( 1_3) 2.7

+18.l6 cos(%‘, af — 2166 cos(;%zw (a13)

where T
2 20 ¢ 2T _AT  amd 7 22T
T = =28 ‘25 79! T-" 575’ = 020’ and Tg= 0.5

Considering the factor 2 separately, express the fractions
using the least common dencminator as follows:

i, L, 1 4, 1 , 1
2.8 2.2 0.75 0.30 0©.15 (a1k)

beeoome

165 , 210 , 616 , 1540 , 3080
6o TAZ  Lé2 ko2 Thé2 (A15)

‘\Zx
—J



The number of cycles of each frequency in the composite period is
found by determination of the least cormon multiple of the numerators
of the ratios (Al5). Thus, the numbers ‘

165, 210, 616, 1540, 3080 C(a6)
lead to
56-165, h4.210, 15.616, 6-1540, 3.3080 (A17)

The products (ALl7) show that the number of cycles of each cosine term
of Eq. (A7) in the period of thbe combinatlon is 56, W, 15, 6, and 3
respectively. The relative importance of the terms progresses down-
ward as frequency increases. Since the sign of the two low-frequency
terms are opposite, the value of F for which they are out of phase
appears to be a reglon where a maximum occurs.

In the general case great difficulty may be experienced in locating
the region of the peak value, Setting the derivetive of G equal to zero
results in a sum of sine terms with the desired value of F Implicit., A
series expansion of the cosine terms in G prior to taking the derivative
changes the problem to a solution of a high order polynomial which, since
it 1s based upon & limited number of terms of the series, gives only
approximate answers. i

A simple, easily applied; procedure congists of setting up as
many rows as terms (five in the present example) and providing columns
in which the location of the maximum positive and the maximum negative
value may be indicated for all cycles of each cosine term. The point
of favorable coincidence cun be established through scanning by eye.
This was done for the example using the following:

Colurms per eycle Term
229 cos 0.15 F
110  cos 0.30 F
Lh cos O.75 F
15 cog 2.2 F

165/1% ¥ 11,78 cos 2.8 F




As it developed, the caizposite function showed symmetry about the half-
cycle point and the process was completed using 330 columns. The non-
integral columns per cycle for the highest frequency term caused uno
porticular difflculty. At columns 110 and 550 a value 36.487 was found.
The peak veeurs at column 330 with the value 37.92.

Bquaetion (AC) may be regarded as having two parts. The denominator
glves rise to a -3 slope on a log~-log plet. The remeining problem is to
locate this -3 slope so that tangency with the c¢yelic numerator 1s ob-
tained., The numerator will have a -3 slope (on a log-log plot) at the
points of tangency. Procced by setting

4
:(;o G;-) = -3 (1)
%" l d_ (¥ |
;;.LF_G log.o& . a-?_.-\lo &)‘“dF - -3
Floge -dF
4
F g (i0'a)
0% &) —n =3 (229)

Substitution of Eq.. (A6) for G leads to
-3 = F-10'[-0.46628 8in 23F +1.266-22 sin 22 F

+3.7-0.75 SO I5F +18.16-0.3 3 0.3 F
hind 22.&6 ‘ol ls siﬁ O.ls F]

~3.7 cos 0.T5F -i3.16 cos 0.3 F

+22.66 cos 0.5 F | (420)

.%. = (1.3048 sin 28F -27352 sin 2.2F ~2.775 5in075F
~5A443 Sin 0.3F +3,399 sin0.15F )+ (0,464 co5 2.8F

1256655 22F -3 TeeS 015 F 45,0600 0.3F +2244es504SF) (421)
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The equality of interest is, as already established, in the region

F =l.5{% = 20T = 62.83185
Trial and error ylelds the approximation

F = 63.5748

For F = 63.5748, Eq. (A8) gives

| *ci = = 22 db
|76 | pgia s7ag = 1449 = +3.22
The next point of tangency occurs one cycle later or for
F = 63.57h8 + 125.6637 = 189.2385

at which

| 8" - g0 455 5495 15" = ~25.204db

The high-frequency asymptote crosses unity gein at

P = 37.23715»10"" = .3723745-106
F = 71.94
@ = 7.194.103

Therefore; the equation of the high-frequency asymptote is

4 -
Lim |8%(jw)| » 3123710 37.237 (0 8
F »o00 r? oy

(A22)

(A23)

(A2k)

(A26)

(a27)

(A28)

The low-frequency asymptote intersects the high-frequency asyumptole at

P, N




- . -3‘13 . -4
(7.194 +(0°) } a 3.62°(0 (429)

ko= 2.84

The function, as given by Eq. (AB), and the asymptotes, as glven by
Eq. (A1l) and Eq. (428), are plotted in Fig. 6.

The high-frequency scsymptotic slope of -3 results from the three
derivatives in the approximetion process. If, instead of one deriva-
tive before the broken-line approximation, twe derivatlves had been
taken, then the high-frequency asymptotic slope would have been =l
Clearly, since the final high-frequency slope is a function of the
total number of derivatives taken, the actual slope has nd significance.
In looking at the entire curve of Fig. 6 then, one must keep in mind
that the relative accuracy is highest at the low-frequency end and
drops to zero as the final slope is reached. 8ince servo systems with
greater than -2 slope (through unity gain) become unstable, sufficient
accuracy for the present purposes is provided in Fig. 6.
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